
During drilling operations, formation pore pressure
and fracture gradients create a narrow window
within which the equivalent circulation density
(ECD) of the drilling fluid must fall in. Otherwise,
undesirable events such as formation damage,
kicks, lost circulation, and wellbore breakout could
take place. Therefore, correct measurement of the
frictional pressure losses and accurate calculation
of ECD are important in drilling engineering design.
Frictional pressure losses along the wellbore
annulus are the key element for finding the
equivalent circulating density of the circulating
fluid.

Introduction

• Perform dimensional analysis on the involved 
variables, dimensions, and dimensionless groups 
for the wellbore annular flow of power-law fluids 
with cuttings.

• Obtain scaling relations between laboratory's 
fluid flow rate, solid particles flow rate, and 
inner pipe rotation in terms of those in the 
wellbore.

• Use the obtained relations to find the frictional 
pressure loss of the wellbore in terms of that of 
the laboratory flow-loop device

Objective

To ensure full similitude, the dimensionless groups in Table 1 must be equal between the the model scale and 
prototype scale. Which could be achieved by imposing the following:

Geometric similarity: Dynamic similarity:

𝜓𝜓 = 𝑅𝑅𝑖𝑖,𝑀𝑀
𝑅𝑅𝑖𝑖,𝑃𝑃

= 𝑅𝑅𝑜𝑜,𝑀𝑀
𝑅𝑅𝑜𝑜,𝑃𝑃

= 𝐷𝐷𝐻𝐻,𝑀𝑀
𝐷𝐷𝐻𝐻,𝑃𝑃

= 𝑒𝑒𝑀𝑀
𝑒𝑒𝑃𝑃

𝑅𝑅𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚,𝑀𝑀 = 𝑅𝑅𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚,𝑃𝑃 
𝜌𝜌𝑀𝑀𝑈𝑈𝑀𝑀𝐷𝐷𝐻𝐻,𝑀𝑀
𝜇𝜇𝑎𝑎,𝑚𝑚𝑖𝑖𝑚𝑚,𝑀𝑀

= 𝜌𝜌𝑃𝑃𝑈𝑈𝑃𝑃𝐷𝐷𝐻𝐻,𝑃𝑃
𝜇𝜇𝑎𝑎,𝑚𝑚𝑖𝑖𝑚𝑚,𝑃𝑃

𝜙𝜙𝑀𝑀 = Φ𝑃𝑃 𝑇𝑇𝑎𝑎𝑀𝑀 = 𝑇𝑇𝑎𝑎𝑃𝑃
𝜌𝜌𝑀𝑀𝜔𝜔𝑀𝑀𝑅𝑅𝑖𝑖,𝑀𝑀𝐷𝐷𝐻𝐻,𝑀𝑀

𝜇𝜇𝑎𝑎,𝑚𝑚𝑖𝑖𝑚𝑚,𝑀𝑀
= 𝜌𝜌𝑃𝑃𝜔𝜔𝑃𝑃𝑅𝑅𝑖𝑖,𝑃𝑃𝐷𝐷𝐻𝐻,𝑃𝑃

𝜇𝜇𝑎𝑎,𝑚𝑚𝑖𝑖𝑚𝑚,𝑃𝑃

Kinematic similarity: 𝑅𝑅𝑒𝑒𝑃𝑃,𝑀𝑀 = 𝑅𝑅𝑒𝑒𝑃𝑃,𝑃𝑃 
𝜌𝜌𝑓𝑓𝑓𝑓,𝑀𝑀𝑉𝑉𝑠𝑠𝑓𝑓,𝑀𝑀𝐷𝐷𝑠𝑠,𝑀𝑀

𝜇𝜇𝑎𝑎,𝑓𝑓𝑓𝑓,𝑀𝑀
= 𝜌𝜌𝑓𝑓𝑓𝑓,𝑃𝑃𝑉𝑉𝑠𝑠𝑓𝑓,𝑃𝑃𝐷𝐷𝑠𝑠,𝑃𝑃

𝜇𝜇𝑎𝑎,𝑓𝑓𝑓𝑓,𝑃𝑃

𝜂𝜂 = 𝜔𝜔𝑀𝑀𝑅𝑅𝑖𝑖,𝑀𝑀
𝑈𝑈𝑀𝑀

= 𝜔𝜔𝑃𝑃𝑅𝑅𝑖𝑖,𝑃𝑃
𝑈𝑈𝑃𝑃

Rheological similarity:

𝑛𝑛𝑀𝑀 = 𝑛𝑛𝑃𝑃
Once all the above similarities are achieved, the dimensionless frictional factor of the model will be equal to the 
prototype:

𝐷𝐷𝐻𝐻,𝑀𝑀

4𝜌𝜌𝑀𝑀𝑈𝑈𝑀𝑀2
∆𝑝𝑝
∆𝑥𝑥 𝑀𝑀

=
𝐷𝐷𝐻𝐻,𝑃𝑃

4𝜌𝜌𝑃𝑃𝑈𝑈𝑃𝑃2
∆𝑝𝑝
∆𝑥𝑥 𝑃𝑃

Upon simplification, the following closed-form formulas was obtained as a scale-relations:

𝑄𝑄𝑓𝑓𝑓𝑓,𝑀𝑀 = −𝐴𝐴𝑃𝑃𝜓𝜓2𝑉𝑉𝑠𝑠𝑓𝑓,𝑀𝑀 𝜙𝜙 − 1 𝜙𝜙 + 𝜌𝜌𝑚𝑚𝑖𝑖𝑚𝑚,𝑃𝑃
𝜌𝜌𝑚𝑚𝑖𝑖𝑚𝑚,𝑀𝑀

𝐾𝐾𝑓𝑓𝑓𝑓,𝑀𝑀
𝐾𝐾𝑓𝑓𝑓𝑓,𝑃𝑃

1
2−𝑛𝑛

𝑄𝑄𝑓𝑓𝑓𝑓,𝑃𝑃 + 𝐴𝐴𝑃𝑃𝑉𝑉𝑠𝑠𝑓𝑓,𝑃𝑃 𝜙𝜙 − 1 𝜙𝜙 𝜓𝜓
4−3𝑛𝑛
2−𝑛𝑛

𝑄𝑄𝑠𝑠,𝑀𝑀 = 𝐴𝐴𝑝𝑝𝜓𝜓2𝑉𝑉𝑠𝑠𝑓𝑓,𝑀𝑀 𝜙𝜙 − 1 𝜙𝜙 + 𝜌𝜌𝑚𝑚𝑖𝑖𝑚𝑚,𝑃𝑃
𝜌𝜌𝑚𝑚𝑖𝑖𝑚𝑚,𝑀𝑀

𝐾𝐾𝑓𝑓𝑓𝑓,𝑀𝑀
𝐾𝐾𝑓𝑓𝑓𝑓,𝑃𝑃

1
2−𝑛𝑛

𝑄𝑄𝑠𝑠,𝑃𝑃 − 𝐴𝐴𝑃𝑃𝑉𝑉𝑠𝑠𝑓𝑓,𝑃𝑃 𝜙𝜙 − 1 𝜙𝜙 𝜓𝜓
4−3𝑛𝑛
2−𝑛𝑛

𝜔𝜔𝑀𝑀 = 𝜔𝜔𝑃𝑃
𝜌𝜌𝑚𝑚𝑖𝑖𝑚𝑚,𝑃𝑃
𝜌𝜌𝑚𝑚𝑖𝑖𝑚𝑚,𝑀𝑀

𝐾𝐾𝑓𝑓𝑓𝑓,𝑀𝑀
𝐾𝐾𝑓𝑓𝑓𝑓,𝑃𝑃

1
2−𝑛𝑛

𝜓𝜓
−2
2−𝑛𝑛

∆𝑝𝑝𝑃𝑃
∆𝑥𝑥𝑃𝑃

= 𝜓𝜓
𝑛𝑛+2
2−𝑛𝑛

𝜌𝜌𝑃𝑃
𝜌𝜌𝑀𝑀

𝑛𝑛
2−𝑛𝑛 𝐾𝐾𝑓𝑓𝑓𝑓,𝑀𝑀

𝐾𝐾𝑓𝑓𝑓𝑓,𝑃𝑃

2
𝑛𝑛−2 ∆𝑝𝑝𝑀𝑀

∆𝑥𝑥𝑀𝑀
Where the slip velocity definition for power law fluids is:

𝑉𝑉𝑠𝑠𝑓𝑓 =
4
3
𝑔𝑔

𝐷𝐷𝑆𝑆 1+𝑣𝑣𝑛𝑛 𝜌𝜌𝑠𝑠 − 𝜌𝜌𝑓𝑓𝑓𝑓
𝑎𝑎𝐹𝐹𝑠𝑠𝐾𝐾𝑣𝑣𝜌𝜌𝑓𝑓𝑓𝑓1−𝑣𝑣

(1/ 2−𝑣𝑣 2−𝑛𝑛

Also, the following ratio constraint must be applied to the scaled system:

𝑲𝑲𝒇𝒇𝒇𝒇,𝑴𝑴

𝑲𝑲𝒇𝒇𝒇𝒇,𝑷𝑷
=

𝝆𝝆𝒇𝒇𝒇𝒇,𝑴𝑴 𝝍𝝍𝒏𝒏 𝝍𝝍𝟏𝟏+𝒏𝒏𝒏𝒏𝝆𝝆𝒇𝒇𝒇𝒇,𝑷𝑷𝟏𝟏−𝒏𝒏 𝝆𝝆𝒇𝒇𝒇𝒇,𝑴𝑴−𝟏𝟏+𝒏𝒏 𝝆𝝆𝒇𝒇𝒇𝒇,𝑴𝑴 − 𝝆𝝆𝒔𝒔,𝑴𝑴
𝝆𝝆𝒇𝒇𝒇𝒇,𝑷𝑷 − 𝝆𝝆𝒔𝒔,𝑷𝑷

𝟐𝟐−𝒏𝒏
𝟐𝟐+𝒏𝒏 −𝟐𝟐+𝒏𝒏

𝝆𝝆𝒇𝒇𝒇𝒇,𝑷𝑷

𝟐𝟐+𝒏𝒏(𝒏𝒏−𝟐𝟐)
𝟐𝟐

Results

Conclusions
• Key design parameters for a benchtop rig hydraulics

similitude device are estimated. These parameters
include pump flow rate, particles injection rate as
well as the inner pipe rotation speed in the
laboratory setup.

• After applying the geometric, dynamic, kinematic and
rheological similarities, a direct relationship between
frictional pressure drop along the piping of laboratory
flow-loop device to the wellbore wall is obtained.

• Power law single phase fluid contained 9 variables, 3
dimensions, and 6 dimensionless groups.
Incorporation of cuttings in the similitude introduced
3 more variables, upon which the mixture
dimensionless groups became 9.

• Involvement of solid particles increased the
complexity of the mixture; it imposed a new
constraint on the rheology of fluid being used for the
scaling relations.
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Group Quantity Expression

Involved 
variables

Fluid m = 9 ∆𝑝𝑝/∆𝑥𝑥,𝜌𝜌𝑓𝑓𝑓𝑓 ,𝑅𝑅𝑜𝑜,𝑅𝑅𝑚𝑚 , 𝑒𝑒,
𝜔𝜔,𝑈𝑈,𝐾𝐾𝑓𝑓𝑓𝑓 ,𝑛𝑛

Solid 
particles n = 3 𝐷𝐷𝑠𝑠,𝜌𝜌𝑠𝑠,𝜙𝜙

Involved dimensions 3 L, M, T
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Rheological 1 Fluid n

Methods
Table 1: Dimensional Analysis Breakdown of the two-
phase annular flow of the wellbore
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Schematics of fluid flow in wellbore and 
laboratory mini-flow loop.

Left: Laboratory fluid rate | Middle: Laboratory solid flow rate 
Right: Drilling inner pipe to Laboratory inner pipe rotation speeds.

Contact 
Mohammed Alarfaj: mna5242@psu.edu
Dr.Amin Mehrabian: amin.mehrabian@psu.edu

𝑄𝑄 𝑠𝑠
,𝑀𝑀

𝜓𝜓
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.2 0.4 0.6 0.8 1

phi = 0%
phi = 5%
phi = 10%

𝜓𝜓

𝜔𝜔
𝑃𝑃

/𝜔𝜔
𝑀𝑀

𝑎𝑎 = 39.8 − 9𝑛𝑛
𝑣𝑣 = 1.2 − 0.47𝑛𝑛

𝑎𝑎 = 42.9 + 23.9𝑛𝑛
𝑣𝑣 = 1 − 0.33𝑛𝑛

Laminar flow

Transitional flow

0

20

40

60

80

100

120

140

160

180

0 0.2 0.4 0.6 0.8 1

phi = 0%
phi = 5%
phi = 10%

0

200

400

600

800

1000

1200

1400

1600

1800

0 0.2 0.4 0.6 0.8 1

phi = 0%
phi = 5%
phi = 10%

𝑄𝑄 𝑓𝑓
𝑓𝑓,𝑀𝑀

𝜓𝜓


	Slide Number 1

